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Open Universe Solution in the
Vacuum-Induced-Gravity Theory

Albert Nzabonimana! and Liu Liao -2

We show that there is an open universe solution in the vacuum-induced-gravity theory
(k = 0). The scale factoa(t) obeys a power lava(t) ~ t*, wherew is a real number.
Under some constraint conditions, this solution is similar to the Einstein—-De Sitter
universe solution of Einstein’s theory.

Atheory of gravity incorporating the concept of spontaneous symmetry break-
ing is proposed by Zee (1979). It is suggested that the same symmetry breaking
mechanism is responsible for breaking a unified gauge theory into strong, weak,
and electromagnetic interactions.

Einstein’s theory of gravity and Fermi’s theory of weak interaction have a
feature in common. In contrast to electrodynamics and modern theory of strong
interaction, their coupling constants have dimensioMof® = (mass)?. They
are notably small, with Fermi’s coupling const&@t = (300my)~2 and Newton’s
coupling constanGy = (10*° my)~2. It has been suggested that the smallness of
Gr is due to the massiveness of the intermediate boson.

Central to the unification scheme is the concept of spontaneous symmetry
breaking, i.e. the Higgs potentials have an asymmetric vacuum expectatioayalue
thus generating the mass of intermediate boson, so that

GF’\’O’_2

1Department of Physics and Institute of Theoretical Physics, Beijing Normal University, Beijing
100875, People’s Republic of China.

2Correspondence should be addressed at Department of Physics and Institute of Theoretical Physics,
Beijing Normal University, Beijing 100875, People’s Republic of China.

2085

0020-7748/01/1100-2085%$19.50£02001 Plenum Publishing Corporation



2086 Nzabonimana and Liao

\No | of

The concept of spontaneous symmetry breaking has proved to be extraordi-
nary fruitful in many areas of physics, and it is worthwhile to try to incorporate it
into gravitation. Motivated by these considerations, Zee suggested that Einstein’s
action for gravity should be modified to

S= f d“x(—g)“z{ %wz R+ %gﬂ“amam —V($) + LW} (1)

Here¢ represents the Higgs field andienotes a dimensionless coupling constant

that we could take to be order of0¢ < 1. L, is the Lagrangian for the rest

of the world: we must distinguish two physically different cases that depend on

whether or not,, includesg, that is to say whether or ngtinteracts with matter

fields directly. For the moment, we will assume that does not includep and

V(¢) = 2r(¢? — v)?is just the Higgs potential, which is minimizedgt= +o.
Because of the fact that we assume the universe is homogeneous and isotropic,

the scale factor of the universe and the Higgs field both depend only on time

coordinatd, i.e.

a=a(), ¢=9o(). 2
From Robertson—Walker metric
2

ds? = dtz—az(t){ldrkrz +r2(do? + sirfe d(pz)}, ()

we get the scalar curvature
3a—1 2 A—1y2 -2
R= R} =—6{da " + (aa ") +«a ).

Thus, the Lagrangian in induced gravity becomes

L= (—9)1/2{%s¢>2R — %gﬂ“amam —V($)+ LW}

1 1
— (02| 500R — 36" - V(@) + L)
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=a’r?(L—«r?)~Y?sing { —3ep?[aat +a%a? + ka7

+ (—%)(aﬁ)z - %w? - az)z},

where we assumk,, = 0, V(¢) = $A(¢* — 0%)?, andx is a very small constant
PR

L _daw) ,_ d¥aw)

dat ' Cdt?
. d(e(t) . d¥(g(1)
="g ' e -
By variation with respect ta and¢, we obtain a system of two equations,
i.e.a(t) equation
oL a /oL 8% [(dL
— | =)+=(=)=0 4
da at<3a>+at2<aa> @
and¢(t) equation
oL d (oL L
% — ﬁ(%) =O,L(a,¢,a,¢), a.). (5)
Thatis,
{e¢2[—2aa— a2 — K] — 2:ap ¢ — dead g ¢
— %aZ(qS)z(l + 4e) — %Aa2(¢2 - 02)2} =0
~a(t) equation, (6)
and

—6egplaa+ a% + k] — %Aa2(¢2 —0%)¢ +3aag+a’p=0
~ ¢(t) equation @)

Because of the fact that we assug{€) ~ o and the smallness of constant
we could neglect the terms:1a?(¢? — 02)? ~ 0 and—31a2(¢? — 02) ~ 0 in
these system of equations.

Sointhe neighborhood ¢f = o, the same system of equations approximately
become as shown here:

a [a\? k ) agp 1 ¢ \?
f-2a-(3) —m| -2 -wag - zarea(g) =o

~a(t) equation, (8)
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and

a [a\? a¢ ¢
~¢(t) equation (9)

For k = 0, the system of equatiorat), and¢(t) changes to the following

form:
Fe- @) 2t peofi) o oo

a [a\? a¢p ¢
Let
_am AW >
At) = a0 or awn = At) + AX(t),
$(t) #(t) 2
o) = ——= = O(t) + Ot 12
V=25 O 4o =00+, (12)
Then, these system of equations become
e{4A + 6A%) + 8 AO + 40 + (1 + 8)02 =0 (13)
—6e{A+2A% 4+ 3A0 + O + ©2? = 0. (14)

Now, we try to eliminate the cross teri®, by taking 3x a(t) equation

—8e x ®(t) equation: therefore the following nonlinear differential equation
results:

D(A, A%, ©, ®7)
= (48¢% + 12) A + (96¢? + 18) A% 4 4¢® + (16 + 3)O2 =

Let D* = gy
It implies that
: : : 96¢2 + 18¢ 4e :
D*(A A%2,0,0) = A+ —— |A2+ ———— 06
( ) +<4852+125> T 12

3416\
— e =0.
+<4882+128)O
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FromD*(A, A2, ©, ®2) = 0, we have

: 96¢2 + 18¢ 4 : 3+ 16¢
+ (4882+12£> 487 + 12 <48€2+12£)
= ¢; (constant) (15)
or A+mA? =c, (16)
2 + m2(~)2 = Cp, a7
where
oo %+l o 3+16
YT 4824120 T 2T e
48¢2 4+ 12¢
C = ——+cl, 0< e<1
4e

Let us now prove that; = 0: Both Egs. (16) and (17) are Ricatti differential
equations. If we suppose > 0, thenc, = —(48¢? + 12¢)c;/4e < 0: the solution
of Egs. (16) and (17) will become respectively

Alt) = Ag/MyC1 + cith(/miCy(t — to))
— J/MiCr + M Aoth(/Mci(t — to))’

myc; > 0 (18)

and

B0/ —M2C2 + Cotg(y/—m2Ca(t — to))

~—MoCo + m2®0tg(./ —mzcz(t — to))’
But now A(t) and®(t) do not satisfy Egs. (13) and (14), i.e. they are not the

solutions of Egs. (13) and (14). With the same procedure, in the caseo0, we

get similarly A(t) and ®(t) that are again not the solution of Egs. (13) and (14).

So, the only case to discussdis= 0, i.e.

@(t) = myC, < 0. (19)

A+mA?=0 (20)
and
O + m@e? = 0. (21)
The solutions of Egs. (20) and (21) fior= 0 are
16c +3 € )
a(t) = exp[/A(t)dt] = ‘1+ ( 8 12 >A0(t —to) (22)
and
(%)
(1) = exp|: / () dt] - ‘1 + <16548+ 3)®0(t o) 23)
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respectively, with®y and Aq, which are constants and depend only on initial
conditions. It can be proved that the Solutions (22) and (23) are really the solutions
of Egs. (13) and (14).

In sum, there exist an initial curvature singularity point of the open uni-
verse k = 0) in the induced-gravity theory. At= {to — (f&=%) 1}, the distance
between all points of space was zero and the curvature of space—time were infinite
R=R! ~ 00, R,y R* ~ 00, andRy,, RH7* ~ oc.

This universe is in expansion forever and the expansion of the universe for
k = 0 obeys a power law(t) ~ t¥(t — oo) with @ = fggfg > 0.

Whene — 0,t — oo, the solution of an open universk £ 0) in the in-
duced gravity is similarly to Einstein-De Sitter univees#) ~ t%2, dominated

by pressureless mattes & 0, p = 0) (See, Liu, 1987).
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